I. INTRODUCTION
Silica aerogels have attracted research and industrial interest due to its unique properties: low density, large specific surface area, low refractive index, high transparency and low thermal conductivity. The microstructure of the aerogel, comprised of cross-linked particles (primary particles) which form an open cell and highly porous network, gives rise to its unusual combination of properties. [1] [2] [3] [4] In particular, the optical transparency of silica aerogel in the solar spectrum is crucial for many solar related applications [5] [6] [7] [8] and has been studied extensively. 9-18 J. Fricke et al. showed that the optical transparency of silica aerogels is tied closely to its microstructure which acts as Rayleigh scattering centers. 12, 19, 20 A. J. Hunt performed detailed studies on scattering in silica aerogels and suggested that the transmittance and scattering can be correlated by
where τ is the transmittance. A is the wavelength independent coefficient accounting for surface defects, B describes the extinction contribution from the Rayleigh scattering, and t is the thickness of the sample. Eq. (1) and its coefficients, sometimes referred to as the "Hunt parameters", have been widely used to compare the clarity of silica aerogels of various thicknesses, origins, and surface conditions and to separate their intrinsic and extrinsic qualities. Although convenient to use, Eq.
(1) has two major limitations. Firstly, the wavelength dependent extinction contribution includes only scattering, which limits its use to the spectrum where absorption is negligible. Secondly and more importantly, in the spectrum range where scattering is dominant, the exponential form of Eq. (1), which is based on the Beer-Lambert (B-L) law, can be inaccurate. The B-L law focuses on a single propagation direction. But in the case of silica aerogel, a highly scattering medium, all propagation directions are coupled because of the multiple scattering effect. 21 As a result, the B-L law may not be adequate to describe this multi-directional radiation transfer problem especially in applications where hemispherical (direct + diffuse) instead of directional flux is of interest.
To fully capture the multi-directional nature of this problem, we introduced a model based on the 1-D Radiative Transfer Equation (RTE). In previous studies, the RTE has been used to investigate the radiative properties of silica aerogels in the infrared spectrum, 22, 23 which have significant effects on the thermal insulating properties. The RTE has also been applied to silica nanoporous matrices, a material made by pressure packing off-the-shelf silica nanoparticles, to study its radiative properties in the solar and infrared spectrum. 24 In this study, we applied our RTE model to in-house synthesized silica aerogels and focused on the optical properties in the solar spectrum. Two sets of wavelength dependent radiative properties, the absorption and scattering coefficient, were deduced from the model based on experimentally measured transmittance and reflectance spectra. Compared to Eq. (1), the RTE model captures both the scattering and absorption contribution and can predict the optical performance of aerogel with improved accuracy. The deduced radiative properties, which were found to be independent of sample thickness, quantifies the absorption and scattering separately. These properties can be considered the intrinsic optical properties to compare different samples as well as to study photon transport in silica aerogel samples with complex geometries, where it is difficult to find an analytical solution.
II. EXPERIMENT
Silica aerogels are commonly produced by a sol-gel process, followed by critical point drying to extract all of the solvent. The synthesis procedure in this study is described in the supplemental section I, 25 which is based on previous work. 26 We prepared eight aerogel samples (20 × 20 mm 2 ) with thicknesses between 1 mm and 11 mm. Thinner samples were obtained by carefully removing excess materials from an 11 mm sample using a grit 1000 sand paper. 27 The aerogel samples were then optically characterized by a UV-Vis-NIR spectrophotometer (Cary 5000, Agilent). Hemispherical transmittance and hemispherical reflectance were measured from 250 nm to 2500 nm with a polytetrafluoroethylene (PTFE) coated integrating sphere (Internal DRA-2500, Agilent). Reflectors made of polished aluminum (Valumax Mirror, Newport, reflectivity > 90% over 250 nm to 600 nm, matching the scattering dominant region of the sample) were mounted around the four side surfaces of the sample to reflect the light exiting from the side surfaces back into the sample. By doing so, we effectively imposed a periodic boundary condition at the side surfaces and made the sample equivalent to a semi-infinitely large medium which can be more accurately captured by the 1-D model. Figure 1 shows the obtained spectra of three representative samples of thickness 1.1 mm, 5.5 mm and 10.5 mm. The transmittance decreases with increasing sample thickness across the whole spectrum. We observed absorption peaks around 1.4 µm, 1.9 µm and 2.2 µm wavelengths. On the other hand, the reflectance does not depend on the sample thickness and remains zero for wavelengths above 1.5 µm. For wavelengths below 1.5 µm, the reflectance increases as the wavelength decreases and thicker samples have higher reflectance. The distinct nature of absorption and scattering can be readily seen by comparing the correlation between the transmittance and reflectance spectra. For wavelengths above 1.5 µm, the transmittance does not correlate with the reflectance. On the contrary, for wavelength below 1.5 µm, they show a negative correlation: when the transmittance decreases, the reflectance increases. This result is expected since scattering will simultaneously reduce transmittance and increase reflectance due to more photons being backscattered. 
III. MODELING
To deduce the intrinsic radiative properties of the aerogel samples, a model is needed to link the desired properties to the measured transmittance and reflectance. In this regard, the RTE is useful since it accounts for the absorption and scattering simultaneously. 24, [28] [29] [30] In our model, we treated the aerogel as a homogeneous absorbing and scattering medium. Our main goal was to decouple the extinction contribution from absorption and scattering by identifying the absorption (σ a ) and scattering (σ s ) coefficient at each wavelength. The 1-D azimuthal symmetric RTE describing the radiation intensity as a function of polar angle and spatial position can be written as
where µ = cos(θ) is the cosine of the polar angle with respect to the incident direction. ξ = βx is the optical depth where β λ = σ a + σ s is the extinction coefficient and x is the spatial coordinate along the incident direction (0 < x < t, t is the sample thickness). ω = σ s / β is the scattering albedo (0 < ω < 1). Wavelength dependent quantities are indicated by subscript λ. In Eq. (2), the thermal emission is neglected and the scattering due to the nanoscale particle is assumed to be isotropic, known as the transport approximation. 21, 32, 33 (σ a , σ s ) and ( β,ω) are interchangeable using the following relations
When ω = 0 (a pure absorbing medium), Eq. (2) reduces to a first order ordinary differential equation, which can be readily integrated to get the solution as an exponential function (the B-L law). When ω > 0 (an absorbing and scattering medium), Eq. (2) becomes an integro-differential equation and needs to be solved numerically.
Since the aerogel's refractive index is very close to one, 15, 34 the two boundary conditions at x = 0 and x = t used to solve the RTE are
where Φ is the incident flux and µ 0 is very close to 1 indicating a near collimated normal incident beam. We solved the 1-D RTE by the discrete ordinate method (DOM) with the above defined boundary conditions. 31 After the intensity field was obtained, the hemispherical transmittance τ and hemispherical reflectance ρ h can be computed as the directional sum of the transmitted or reflected intensity normalized by the incident flux Figure 2 shows the calculated hemispherical transmittance and reflectance as a function of optical depth and scattering albedo. For scattering albedo ω = 0, the reflectance remains zero and the transmittance reduces to the B-L law (exponential attenuation). For scattering albedo ω > 0, the reflectance is larger than zero and the transmittance deviates from the B-L law. The above procedure of calculating the hemispherical transmittance and reflectance based on the known optical depth and scattering albedo is often referred to as the forward problem. In reality, we are solving the inverse problem: with experimentally measured transmittance and reflectance data, we would like to evaluate the radiative properties of the medium. This is achieved by iteratively solving the forward problem with improved estimations of the radiative properties until the calculated value converges to the experiment result. 35, 36 
IV. RESULTS AND DISCUSSION
The deduced extinction coefficient and scattering albedo are shown in Figures 3(A) and 3(B) . The inverse problem solving procedure described above was applied to the measured spectra of the eight aerogel samples and the ranges of the deduced properties are plotted as the gray band. The relatively small fluctuations of the deduced properties indicate that they are independent of the sample thickness and can be considered intrinsic properties of the medium. Therefore, only the average value of the deduced extinction coefficient and scattering albedo (solid lines) were used in further analysis.
Based on Eq. (3), the absorption and scattering coefficient were obtained and plotted in Figure 3(C) . Clearly, absorption is the dominant extinction mechanism at longer wavelengths while scattering becomes more important in the visible and UV band. The extinction peaks at 1.4 µm, 1.9 µm and 2.2 µm were confirmed to be from absorption by water and silanol groups. 37 Unlike the absorption spectrum which has distinct peaks stemming from discrete vibration modes, the scattering spectrum is a smooth function of wavelength. To study the wavelength dependence, a log-log plot of scattering spectrum is shown in Figure 3 (D) with a linear fit from 300 nm to 1000 nm. The scattering coefficient has a λ −4 dependence indicated by the slope of the fit. It coincides with the prediction of the Rayleigh-Gans theory, which states that the scattering coefficient can be calculated by where ρ ap is the apparent density of the aerogel sample (0.084 g/cm 3 ), ρ SiO 2 is the density of amorphous silica (2.2 g/cm 3 ), d is the diameter of the scattering center, λ is the wavelength, and n is the relative refractive index of silica to air (1.46). 38 With all of the known constants in Eq. (6), it is possible to estimate the effective diameter of the scattering center from the intercept b of the linear fit by the following relation
Note the "-9" is included in the exponent because of unit conversion from nm to m. The effective Rayleigh scattering diameter according to Eq. (7) was found to be 15.9 nm. This effective diameter characterizes the size of Rayleigh scattering centers, which can be directly compared among different samples as an indicator of scattering strength (the smaller the effective size, the weaker the scattering). 20 The TEM image (inset Figure 3(D) ) shows that the diameter of silica particles in the sample is around 10 nm. The size discrepancy between the Rayleigh scattering center and real silica particles can be attributed to the fact that in the real material system, particle aggregates form effective scattering centers of larger size. 7, 24 One of the benefits of knowing the intrinsic radiative properties of the aerogel is the capability to predict the transmittance as well as reflectance of a sample with any thickness. The experimentally measured transmittance at 300 nm, as well as the prediction by the B-L law and by the RTE are plotted in Figure 4(A) . The B-L law is a straight line in the log scale plot and its slope is determined such that it matches the experiment data for the thinnest aerogel sample. For thicker samples, the B-L law greatly underestimates the transmittance. Although the slope of the B-L law is set arbitrarily, it is clear that in Figure 4 in a log scale plot. In fact, due to strong scattering, the hemispherical transmittance scales in a non-exponential trend with respect to the aerogel thickness. By capturing both the absorption and scattering simultaneously, the RTE model achieves better agreement with experimental data across the entire thickness range. The small differences between the RTE model and experiments can be attributed to two factors. First, the parameters used in the RTE model are the average optical properties of eight samples. Although they were synthesized from the same batch, their properties can vary slightly due to ambient condition fluctuations. Secondly, the scattering contribution from surface inhomogeneity is assumed to be small compared to the bulk contribution. 9 This assumption can break down especially for thin aerogel samples, which can be observed in Figure 4 (where there is a larger discrepancy between model and experiment for thin samples).
In addition to transmittance, by calculating the intensity of backscattered photons, the RTE model can also accurately predict the hemispherical reflectance (inset of Figure 4(A) ). The same calculation can be readily extended to other wavelengths by taking the corresponding absorption and scattering coefficient from Figure 3(C) (see supplemental section II).
One useful metric in many solar and glazing technologies is the AM1.5 weighted transmittance, which is defined as
The integral in the numerator is the total transmitted AM1.5 spectrum, indicated by the shaded area in the inset of Figure 4 (B). Using the predicted hemispherical transmittance spectrum by the RTE model, we can obtain τ AM1.5 as a function of aerogel thickness (Figure 4(B) ). It agrees well with the experimentally determined result. Since absorption peaks due to the presence of water molecules exist in the atmospheric transmission spectra, the water absorption in aerogel do not reduce the overall solar transmission (Figure 4 (B) inset). Therefore, scattering in the UV and visible bands becomes the dominant extinction mechanism and thus the B-L law underestimates the AM1.5 transmittance (Figure 4(B) ).
Since the obtained radiative properties are intrinsic to the material, they can be used to study photon transport in more general geometries. In this regard, Monte Carlo simulation is a powerful statistical technique to handle complex geometries. As a demonstration, we used the Monte Carlo method and the obtained radiative properties to study the propagation of laser beams in a synthesized aerogel sample of cubic shape. Figure 5 shows the experimentally captured and Monte Carlo simulated 39 are from Figure 3 (C) at corresponding wavelengths). Scattering becomes more significant from the left image to the right as the wavelength decreases. Although this simulation is for a simple cube geometry, the fact that experimental and simulated patterns match validates our conclusion that the radiative properties in Figure 3 (C) are intrinsic material properties. Since these properties depends on the microstructure of the silica aerogel and do not change with macroscopic geometry, the same simulation procedure can be applied to aerogels of complex shapes.
V. SUMMARY
In this study, the radiative properties of silica aerogels were evaluated based on a 1-D RTE model and experimentally measured hemispherical transmittance and reflectance spectra. The obtained properties were found to be independent of the sample geometry and can be considered as the intrinsic material properties. Absorption and scattering were decoupled and quantified separately by calculating the absorption and scattering coefficient. The scattering coefficient showed a λ −4 dependence and the effective Rayleigh scatter center diameter was found to be 15.9 nm. Using the obtained radiative properties, we can predict the hemispherical transmittance and reflectance of silica aerogel slabs of any thickness with improved accuracy. Finally, the obtained radiative properties can be used to study the photon transport in silica aerogels of arbitrary geometries by using Monte Carlo modeling. 
